TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 292, Number 2, December 1985

NONMONOTONEITY OF PICARD PRINCIPLE
BY
MITSURU NAKAI AND TOSHIMASA TADA'

Dedicated to Professor Tadashi Kuroda on the occasion of his 60th birthday

ABSTRACT. Two nonnegative C* functions P(z) and Q(z) on the punctured unit
disk 0 < |z] < 1 are constructed such that Q(z) < P(z) and there exists only one
Martin minimal boundary point for the equation Au = Pu over z = 0 and, neverthe-
less, there exist exactly two Martin minimal boundary points for the equation
Au = Quover z =

The purpose of this paper is to show the existence of the following rather peculiar
pair of two densities P and Q on the punctured unit disk ©: 0 <|z|] <1 with
0 < Q < P on £ such that the Picard principle is valid for P and invalid for Q at
the origin z = 0.

We start fixing terminologies before explaining our result more precisely. We will
take the punctured sphere R: 0 < |z| < oo as our base Riemann surface so that every
topological notion will be considered relative to R = {0 < |z| < oo}. Then the unit
circle |z| = 1 is the relative boundary 92 of the punctured disk ©: 0 < |z|] < 1 and
the origin z = 0 is the ideal boundary 8§ of Q.

By a density P on { we mean a nonnegative locally Holder continuous function
P(z) on the closure & = Q U 32 so that P may or may not have a singularity at
z = 0. With a density P on § we associate the class PP({; 3Q) of nonnegative real
valued continuous functions u on @ vanishing on dQ such that u satisfies the
following selfadjoint elliptic equation of the second order:

(1) Au(z) = P(z)u(z)

on €, where A is the Laplacian 492/3z9z. We also denote by PP (Q;0R) the
subclass of PP(£2; d2) consisting of functions u with the normalization

d
2 - —u(z)|dz|= 2.
@ [y 7)1
The cardinal number #(ex. PP,(Q;9Q)) of the set ex. PP;(Q;99) of extreme
points of the convex set PP,(Q;9Q) is referred to as the Picard dimension of a
density P at the ideal boundary 89 of €, dim P in notation, i.e.

(3) dim P = #(ex. PP,(Q;0Q)).
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There exists a bijective correspondence u < p between PP(2;09R) and the set of
probability measures p on ex. PP, (£2; 9Q2) such that
u= / vdp(v)
ex. PP (R:39)
as a consequence of the Choquet theorem (cf. e.g. [11]).

If dim P = 1, then we say that the Picard principle is valid for P. This means that
PP,(£2; 082) consists of a single function u, so that for every nonnegative solution 4
of (1) on © there exist a nonnegative real number A and a bounded solution b of (1)
on 0 < |z| < r <1 such that » = Au, + b. This property was first found by Picard
in 1923 for the density P = 0, i.e. for positive harmonic functions, with u,(z) =
-log|z|, which is also known as the principle of positive singularities. The above
formulation, as being of Picard dimension one, is due to Bouligand in 1931 and the
study of the Picard principle for general densities was initiated by Brelot [1, 2].

We are interested in characterizing all densities P on @ for which the Picard
principle is valid. To a certain extent it is true that the Picard principle is valid for a
density P at 89 if the singular behavior of P at 6Q is not too wild. For example, if
P isin L) [8] or P(z) = O(]|z| %) as z — 0 [4], then the Picard principle is valid
for P. In view of these it may sound plausible that if the Picard principle is valid for
a density P, then it is also valid for any density Q < P since the singular behavior of
Q at 82 must be less wild than that of P. This is certainly the case [7, 5] for densities
P and Q which are rotation free, i.e. P(z) = P(|z]) and Q(z) = Q(|z]). The purpose
of this paper is to show, contrary to this intuition, that the above expectation is not
in general correct. Namely we will prove the following;:

THE MAIN THEOREM. There exists a pair of densities P and Q on § such that
0 < Q < P on Q and the Picard principle is valid for P and invalid for Q.

The correspondence P — dim P is a mapping from the set 2 of densities on
into the set of cardinal numbers. We have seen [9, 10] that the range dim & contains
the set N of positive integers, the infinite countable cardinal number a and the
cardinal number ¢ of the continuum so that dim 2 C [1, ¢] in general and dim @ =
[1, c]if the continuum hypothesis is postulated. We have asked [6] whether P — dim P
is monotone (i.e. whether P < Q implies dim P < dim Q). The above result shows
that it is not monotone in general on & although it is monotone [7] on Z,, the set of
rotation free densities.

The proof of the main theorem will be divided into three parts. In the first part,
§1, two subregions of @ with relative harmonic dimensions one and two, respec-
tively, will be constructed. In §2 we associate what we call firmly associated densities
with the above two regions. In both of these two parts, the Schwarz alternating
method, or the linear operator method for principal functions in the modern
terminology of Rodin-Sario [12], will be intensively used. The proof will be com-
pleted in the final very short §3.

1. Relative harmonic dimensions.

1. A sequence {Y,}{ of closures Y, of Jordan regions Y, in @ will be referred to
as a %sequence in Q if ¥,NY, =@ (n+m), soW= W({Y,})=Q — Uy, is
connected and {Y,} converges to 8Q: z = 0, i.e. there exist only a finite number of
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Y, such that Y, N {e <|z| <1} # @ for any ¢ > 0. We denote by dD the relative
boundary of a subregion D of the punctured sphere R = {0 < |z| < + o0} consid-
ered in R. We then consider the class HP(W;dW) of nonnegative harmonic
functions on W with vanishing boundary values on 3/ and the subclass HP,(W; dW)
of HP(W; aW) consisting of those functions u with the normalization (2). Similar to
the Picard dimension we define the relative harmonic dimension, dim{Y,} in nota-
tion, of a @sequence {7, } at §Q: z = 0 by
dim{Y,} = #/(ex. HP,(W;3W)).

In subsection 6 we will give examples of %-sequences {S,}% and {8, =121
satisfying dim{S, } = 1, dim{S,;} = 2 and U(S,; U S,,) € U°S, after establish-
ing auxiliary results in subsections 2-5.

2. We fix positive nubmers a, 8, p,q and pwith0 <a—-86<a+86<1,0<p —
p <p <gq <gq+ p <2w and consider a subregion (see Figure 1)

A=A(b)={a-8<|z|<a+8, p-—p<argz<p}
U{a<|z|<b, p<argz<q)

U{a-8<|zl<a+8,g<argz<gqg+p}
of © for any number b with a < b < a + 8. We also consider subsets F~, F* of 94
and subsets I'", I'* of 4 given by (see Figure 2)

F={lz|]=a-8 p-p<argz<p}
U{a—8<|z|<a+8,argz=p—p}
U{lzl|=a+8,p-—p<argz<p},

Fi=(lz2l=a-8.q<amz<q+p)
U{a-8<|z|<a+8,argz=q+p)
U{lzl]=a+8,g<argz<qg+p},

I'=T7(b) = {a<|z|<b,argz=p},
[*=T*(b) = {a <|z|<b,argz = q}.

FIGURE 1
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FIGURE 3

We denote by w(y; D, -) the harmonic measure of a subset y of 3D considered on a
subregion D of R. Then the family {u,} of harmonic measures

u(z)=w(F~ UF*;4,z) (z€A)
convergestoOon I'" UT'*as b — a:
LEMMA 1. lim, _, ,supp- ,p+ 4, = 0.
3. We prove Lemma 1. The harmonic measure u, dominates the harmonic
measure
wi(z)=w(F;4ANn{p—p<argz<p},z)
and is dominated by the harmonic measure
vy(z)=w(F - UT34A4Nn{p—-p<argz<p},z).
Fix any positive number e Then there exist positive numbers §,, p, such that
8, < 8, py < p and w™< ¢ on (see Figure 3)
Fy ={lz|=a—-8,, p—p,<argz<p}
U{a-8,<|zl|<a+8,argz=p—p,}
U{lz|=a+8.,p—p,<argz<p}.

The family {v,} converges decreasingly to w™ as b —» a and hence by the Dini
theorem v}, converges uniformly on every compact subset of

An{p-p<argz<p}—{(a—28)e? ae”, (a+8)e”}.
Therefore there exists b, = by(¢) with a < by, < a + 8§, such that v, — w < eon Fy

for every b with a < b < b,. Then we have u, <v; < 2e on Fy; and similarly
u, <vy <2eon

F = {|z|=a—80,q<argz <q+P0}
U{a—80<l2|<a+80,argz=q+p0}
U{lzl=a+ 8y, g<argz<gq+p,},

where
vi(z)=w(F* UT"ANn{g<argz<q+p},z).
By the maximum principle, u, < 2¢ is valid on a region (see Figure 4)
{a—8y<|z|<a+8, p—p,<argz<p}
U{a<|z|<b, p<argz<q)
Uf{a—8,<|z|<a+8,qg<argz<q+py)
including ' UT*. O
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FIGURE 4

4. Let D be a subregion of R, y a subset of 9D consisting of a finite number of
disjoint analytic arcs such that dD — y N (y — e(y)) = @ for the set e(y) of end
points of each arc in y. The Harnack constant k = k(F) of a closed subset F of D
such that F is compact and contained in D U (y — e(Y)) is given by

k=k(F)=k(F;D,y,a)

= sup{ u(2) ., e F ue HP(D;y) - {0}},
u(a)

where a € D and HP(D; v) is the set of nonnegative harmonic functions on D with

vanishing boundary values on y. Then we have the following

LEMMA 2. k(F) < oo.

This is a special case of the so-called Carleson lemma but in our case of two
dimension the existence of the conformal mapping reduces the lemma to a simple
estimation of the Poisson kernel, which we describe in the sequel for the sake of
completeness.

5. We assume that F contains a since k(F) < k(F U {a}). Let v,,...,y, be
disjoint analytic arcs with y =y, U --- Uy,. Then we divide F into a compact
subset F of D and closed subsets F,,. .., F, of D satisfying F = F,U F; U --- UF,,
a€ [bAF,N---NF, FCcDU(y,—e(y)) (j=1,...,5), and F, is contained
in a simply connected subregion of R. Further we take an analytic arc I} such that
I’ U v, encloses a simply connected subregion D; of D containing F. Observe the
facts that k(F) < max,;  k(F), k(Fy) < oo, k(F)) < k(F; D;,v,,a), and D;
may be viewed as the unit disk by using a conformal mapping.-Now it is sufficient to
prove Lemma 2 in the case that D = {|z| < 1}, v is a single circular arc, a = 0 and
aisin F.

Let u be any positive function in HP(D;y) and p be the Poisson-Herglotz
(Martin) representing measure of u:

u(z) = 3 [ Re{ {2 w0

The support of u is contained in I' = {|z] = 1} — (y — e(y)) which has a positive
distance d from F. Then the Poisson kernel satisfies that

¢+ 2 $+2z] 2
Re(§‘2)<|§—z|<d (¢eT,zeF).
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Therefore we have

w:) < g [ Fa@) =Fu0)  (zeF)

sothat k(F)<2/d. O

6. In this subsection we give two %-sequences {(S,}¥ and {LS_‘,,j}j=1‘2;,,21 with
UP(S,1 U S,,) € UPS, and prove in subsections 7-9 that dim(S,} = 1, dim(S, ;)
= 2. Fix a sequence {a,}? in (0,1) with a,, > a,, and lim, a, = 0. Fix positive
numbers p,, q,, p,, q, With 0 < p, < ¢, < p, < g, < 27. Then we consider %
sequences {S,}7, {.S_',,j}j=1‘2;,,21 for any sequence {b,}7 in (0,1) with a, > b, >
a, ., given by (see Figure 5)

Sn = Sn({bn}) = {bn <|ZI< a,, P < argz < q2}’
S, =S, ({b,}) = {b,, <l|z|<a,, pj<argz < qj} (j=1,2;n=1,2,...).
We also consider subregions (see Figures 6 and 7)

91=9—{0 <|z|<a1,p1<argz<qz},
2

Q2‘__9_ U {O<‘z|<al’ pjgargzgqj},
Jj=1

w, = wi((6,)) = w((3)) =2 - US,.

W, = W,y({b,}) = W({‘iu}) =0- D (81U 8,,)

and mappings
Tu=u—-HY» (ue HP(W,;W,);»=1,2)

of HP(W,; dW,) to HP(%,; 322,), where HfD is defined as follows (cf. e.g. [3]). Let D
be a nonvoid open subset of R not necessarily relatively compact such that each
point of 9D is contained in a nondegenerate continuum contained in 3D. Let f be a
continuous function on 9D such that there exists a nonnegative superharmonic
function s on D whose lower limit boundary values exceed |f| on dD. Firstly, in
case f> 0 on 9D, we define HfD to be the lower envelope of the family of
nonnegative superharmonic functions s on D with lower limit boundary values of
s = fondD. For a general f on dD we define

D _ D _ D
Hf - Hmax(f,O) HmaX(—f.O)‘

Then Hp is harmonic on D and has boundary values f on 3D. In case f > 0, HP is
the least nonnegative harmonic function on D with boundary values f on dD. It is
easy to see that the mappings 7, are order preserving (i.e. u; < u, implies T,u; <
T,u,), positively homogeneous (i.e. T,(Au) = AT,u for nonnegative numbers A), and
additive (i.e. T,(u; + u,) = T,u; + T,u,). If we choose the sequence {b,} so as to
make the sequence {b, — a,,,}T converge to zero rapidly enough, as described in
the sequel, then we can show that the mappings T, T, are bijective.
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FIGURE 5

FIGURE 6

FIGURE 7
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FIGURE 8

We fix a positive number p with

p < min(py, (p, — 41)/2,27 — q;)
and a sequence {8, }5 of positive numbers §, with

8, <min((a,_, — a,)/2,(a, - a,,,)/2).
Then the first property which { b, } has to satisfy is
(4) b,<a,,,+8,.,/2 (n=1,2,...).
For the sequence { b, } with this property we consider subregions (see Figure 8)
4,=4,({b})
=W, r\{an—8"<|z|<an+8,,,pl—p<argz<q2+p},
Anj=Anj({bn})
= Wzﬂ{an—3n<|2|<a,.+5mpj—p<argz<q,»+p}
(j=1,2;n=2,3,...)
of W,, W,, respectively and closed subsets (see Figure 9)
Fr=034,0{p, - p<argz<p},
Ff=034,n{q,<argz<q, + p},
F, =04, n{p,—p<argz<p},
F,,j.=8Anjﬂ{qj<argz<qj+p} (j=1,2;n=2,3,...)
of @, or ,.
We also consider closed subsets (see Figure 10)
I, = rn_({bn}) = {an <|z|< b, argz =P1}’
Ly =T ((5,)) = {a,<|z|< b,y argz = ¢, },
T, =T ({8.)) = {a, <|z| < by, argz = p, ],
Ty =T5({6,)) = {a,<|z|< b, ,argz = q,}
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of 4, or A,; and subsets (see Figure 11)
v, ={a,~58,/4<|z|<a,— 38,/4,argz = p,}
U{a,+38,/4 <|z|<a,+ 58,/4,argz = p, },
Y, = {a,, - 58,/4<|z|<a,— 38,/4,argz = qz}
U{a,+38,/4<|z|<a,+55,/4,argz = 4},
Yn = {a,, - 58,/4<|z|< a,— 38,/4,arg: =pj}
U {a,, +38,/4 <|z|<a,+ 58,/4,argz =pj},
vy = {a, - 58,/4<|z|< a, - 38,/4,ar82 = q;}
U{a,+38,/4<|z|<a,+58,/4,argz = g,

(j=1,2,n=2,3,...)
of 3Q, or 9%,.

FIGURE 9

FIGURE 10
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FiGURE 11

Then Harnack constants

k, =k(F;Q,v,,1/2),  k; =k(F ;Q,v,,1/2),

kni=k(F;:Q,v,,1/2), k= k(F;9,.v,,1/2)
are finite by Lemma 2 and independent of { b, }. Set
k,=max(k, k, ku, kyi ko k).
In view of Lemma 1 we can choose the sequence { b, } so as to satisfy
w(F UFE;A,,2)<1/2k, (z€Tl,;UTl,),
w(F,UF;;4,,,z)<1/2k, (z€T,,UT})

njo

(5)

for every j = 1,2 and n=2,3,.... Now the second property which {b,} has to
satisfy is (5). Then we will prove in subsections 7-8 the following

THEOREM 1. If the sequence {b,}S satisfies (4) and (5), then the mappings T, and
T, are bijective.

7. First we prove that T, is injective. The similar argument will also prove the
injectivity of 7. Let u,, u, be any functions in HP(W,; dW,). Then u,, u, satisfy

ul < knul(l/z)’ u2 < knuZ(l/z)

on F - UF"

nj nj

(j=1,2;n=2,3,...). Therefore, by (5), u,, u, satisfy
uy < uy(1/2)/2, u, < u,(1/2)/2

on T, = Uy, U (I, UT,). On the other hand u;, u, vanish on 82, — T, so
that u, — u, is bounded on 3Q,. Assume T,u;, = Tyu,. Since u, — u, = HJ> , on

Q,, u, — u, is bounded on &, and hence on W,. Further 4, — u, vanishes on 3W,.
Then we have u;, — u, = 0.
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8. Next we prove that T, is surjective. The similar argument will also prove the
surjectivity of T,. We set

00 2 0 2
F2= U U(Fn—jUFn-;)’ I12= U U(rn_jurn‘;)'
n=2 j=1 n=2 j=1

Consider a bounded operator K, of C(F,) to C(I',) defined by
K(z)=H{u(z) (o€ C(F),z€T,;UL};j=12n= 2,3,...),

where C(E) denotes the set of continuous functions on a subset E of R and for each
¢ € C(F,) we define ¢ = 0 on UF(d4,, U 04,,) — F,. Also consider a bounded
operator L, of CB(T,) to CB(F,) defined by

Lz‘P(Z):H.?Z(Z) (v € CB(T,),z € F),

where CB(E) denotes the set of bounded continuous functions on a subset E of R
and for each ¢ € CB(T,) we define ¢ = 0 on dQ, — I',. Let v be any function in
HP(L,; 32,). Thus we can construct a function u in HP(W,; 0W,) with T,u = v by
using the bounded operator M, = L, o K, of a subspace of C(F,) to CB(F,). Since
v is dominated by the constant k,(1/2) on Ui_\(F,; U F,) (n=2,3,...), we
have, by (5), K,v < v(1/2)/2 on T,. Then the harmonic function M,v on &, is
dominated by the constant v(1,/2)/2 and hence by induction M;"v is dominated by
the constant v(1/2)/2™ (m = 1,2,...). Therefore there exists a nonnegative func-
tion ¢, = £%_, M on F, with (I — M,)¢, = v, where I is the identity operator of
C(F,). Observe that K,p, is a harmonic function on A, =U%(4,; U 4,,) and
v + Myp, is a harmonic function on &, with the same values as that of K,¢, on
9(2, N A4,). Then we can define the harmonic function

Ky%,(2) (z€4,),
u(z) =
v(z) + My, (2) (2€8,)
in HP(W,; dW,) which satisfies on {2,
Tou=u—H%=v+ My, — L,(Ky9,)=v. O
9. We prove dim{ S, } = 1,dim(S, ;} = 2. Consider a mapping E, of HP,(W,; 3W,)
to HP,(Q,; 9,) given by
T,u

Eu=—= € HP (W,;0W,);v = 1,2),
vu I(T,,u) (u l( v V) 14 2)

where [(v) = —(27) Y,q(3/0|z))v(z) |dz|. Let u be in ex. HP,(W,; 3W,) and E,u be
represented in a form E,u = tw, + (1 — t)v, for a constant ¢ in (0,1) and v,, v, in
HP,(Q,;09,). Then we have

u T, " T, "
(T ) —+(1 -T2,
I(T,u) (. vl)I(T,,“v,) (-onr, Uz)l(T,,_le)

Therefore we have u = T ', /I(T,'v,) = T 'v,/I(T, 'v,) and hence (T, u)E,u =
v,/I(T, v,) = v,/I(T, "v,). Then I(E,u)=1Ilv, =Ilv, =1 imply E,u=0v, =0, so
that E,u is extreme in HP,(R,;02,). Thus E, is a mapping of ex. HP,(W,; dW,) to
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ex. HP,(2,; 9Q,). Further we can show that E, is bijective. Let u,, u, be any
functions in ex. HP,(W,; 0W,) such that E,u; = E u,. Then the facts lu; = lu, =1
and u,/I(T,u,) = u,/I(T,u,) imply u, = u, so that E, is injective. Let v be any
function in ex. HP\(Q,;02,). Then we have E(T,'v/I(T, ")) = v. Assume
T, /T, )= 1tu, + (1 — t)u, for u,, u, in HP(W,;dW,) and a constant ¢ in
(0,1). Then we have v/I(T, ') = tT,u; + (1 — t)T,u, and hence v = T,u,/I(T,u,)
= T,u,/I(T,u,). Therefore we have T, v = u,/I(T,u,) = u,/I(T,u,). Since lu, =
lu, = 1, we obtain T, %/I(T, ) = u; = u, so that T, /I(T, 'v) is extreme. Then
E, is also surjective. Thus we conclude

dim{S,} = #(ex. HP|(Q,;09,)) = 1,

(©) dim{3S,;} = #(ex. HP\(Q,;09,)) = 2.

2. Firmly associated densities.

10. Consider a @sequence {Y,} and a density P on € with supp P c U,
Solutions u of (1) on £ are harmonic on W = W({ )_’,,}) =0 — U®Y,. Then we
define a mapping T;, of PP(£2; 0Q) to HP(W; oW ) by

Tou=u—HY (ue PP(Q;39)).

Similar to the mappings 7; and 7, given in subsection 6 the mapping 7, is order
preserving, positively homogeneous, and additive. In general T, may or may not be
injective and similarly surjective. If the mapping 7, happens to be bijective, then the
density P is said to be canonically associated with the #sequence { Y, }. If a density
P on € is canonically associated with a @sequence {Y,}, then we have dim P =
dim{Y,}. To prove this we consider a mapping E, of PP,(2;93Q) to HP,(W; W)
given by

_ Tpu
- U(T,u)

Epu (u € PP(R;09)).
Then similar to the mappings E, and E, given in subsection 9 the mapping E, is a
bijective mapping of ex. PP,(§; 0Q) to ex. HP,(W; 0W).

11. A density Q on © with P < Q, suppQ C UY, may or may not be canoni-
cally associated with a @sequence {Y,}¥ even if a density P on € is canonically
associated with {Y,}. We can actually construct both examples but we will not
mention them here. If any density Q with P < Q, suppQ € U¥Y, is always
canonically associated with {7,,} for a density P with supp P < U®Y,, then we say
that the density P is firmly associated with the @sequence {7, }. Hence a firmly
associated density with {¥,} is a canonically associated density with {Y,} and a
density Q with P < Q, suppQ c U%Y, is also firmly associated with {7, } if a
density P is firmly associated with { ¥, }. Now we prove the following

THEOREM 2. There always exists a density P on § firmly associated with an
arbitrarily given %-sequence.

The proof of this theorem will be given in subsections 15-18 after establishing
auxiliary results in subsections 12-14.
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12. Let D be a Jordan region in Q. We denote by PfD the solution of (1) on D
with boundary values f on dD for a density P on £ and a continuous function f on
9D. Let { P,}T be a sequence of densities P, on Q with

lim (infP,) = +oco.
n—oo \ D

Then we have the following

LEMMA 3. The sequence {(P,)P}¥ converges to zero as n — oo uniformly on every
compact subset of D.

For a proof we take any disk U = U(p,r) in D with a center p and a radius r
and set ¢, = inf, , ,(inf, P,), w, = (c,){. Since w, > w,,; > 0, the sequence {w,}?
converges to a nonnegative function w on U. Assume that w > 0 on a subset of U
with positive measure. Then there exist a positive number 8 and a compact subset E
of {z € U, w(z) > 8} such that the measure |E| of E is positive. If we denote the
harmonic Green’s function on U by g, (-, -), then we have

1=w(z)+5- [ su(2:8)em(§) dedn (5 =&+ in)

for any z in U. We fix a point ¢ in U and set 0 = §inf; g,,(g, -). Then we have
1
1> w,(0) + 5, [[ 80(a,8)epm,(§) dédn

o|E|c,
>w,(q) +—

so that

|< 2'”(1 — W,,(q))

n

|E

is valid for every n =1,2,.... This contradicts the fact that |E| > 0. Therefore
w = 0 almost everywhere on U. On the other hand, w, is rotation free:

w,(z) =w,(|z — p|+ p).

Further, by the maximum principle, w,(z,) < w,(z;) if |z, — p| < |z, — p|- Then
w = 0 everywhere on U. Thus, by the Dini theorem, {w,} converges to zero
uniformly on every compact subset of U and hence we obtain Lemma 3 since
(PP <(c)? <w, O

13. Let U,V be Jordan regions in € with U C V. Let { P,}¥ be a sequence of
densities P, on & such that supp P, C U and lim, (inf, P,) = + oo for any compact
subset K of U. Consider a subharmonic function

w(@V;V-U,z) (zeV-U),
0 (ze )

on V. If we set ||¢|| = supg|¢| for a function ¢ on a subset E of 2, then we have
the following

w(z; U, V) = {

LEMMA 4. lim,||(P,)Y — w(-; U,V)||y = 0.
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Since we have (P,)} < (P,)? for any Jordan region D in U with D C U, the
sequence {(P,)} }¥ converges to zero uniformly on every compact subset of U by
Lemma 3. We take an exhaustion {U,, }T of U consisting of Jordan regions U, in U
with U, c U. Set s,,, = supy (P,)} (n =1,2,...;m = 1,2,...). Then lim,s,,, = 0,
(P)Y <s,,, + w(;U,V). Therefore we have

0<(P)) = w(-:UV) <5+ (w(1 Uy V) = w(-:UV))
on V. We also set ¢,, = supy,w(-; U,,, V) (m=1,2,...). Then lim,, ¢, = 0 so that
we obtain Lemma 4 by the inequality

l(P)Y = w(-:U V)|, < Sy + 1, D

14. Let X,Y be Jordan regions in € with ¥ C X. Then we have the following
simple but useful fact:

n ?1 m

H m

LEMMA 5. For any positive number ¢ there exists a density P on Q such that
supp P C Y and

187 ]l5 < ell 7 ax
for any fin C(3X).

We can take a sequence {P,}T of densities P, on & with suppP, C Y and
lim, (infg P,) = + oo for any compact subset K of Y. For example, for an exhaus-
tion {Y,}¥ of Y we consider nonnegative C*-functions P, with P, =n on Y,

P,=0o0nQ —Y,, . Then by Lemma 4 we have

lim “( —-w(-;Y,X)”X,=

n—oc

so that lim, ||( P,);||7 = 0. Observe that
'(Pn)/x|<( )|/| (P)||/||,\ ”f”aX(Pn)lX‘

Then we have

ICeDF 5 <27 Ty

Therefore if we set P = P, for n with ||(P,){|l < e, we obtain Lemma 5. O

15. We proceed to the proof of Theorem 2, i.e. the existence of firmly associated
densities. Let {Y,} be any @ésequence in Q and X, be a slightly larger Jordan
region in { than Y, containing Y We may assume X ﬂ X, = @ for n # m. We fix
a point z, in € — U*X, and denote by F the set of nonnegatwe harmonic functions
u on W= W({Y,}))=Q—UPY, with u(z,)=1. Then the Harnack inequality
yields

B, —sup maxu < + oo (n=1,2,...).
dX,

We define a density P = Pw on { by
P(z) (z ex ), n=1,2,...,

P = _ =
(z) 0 (ZEQ—UX),
where P

. 1s a density on £ which satisfies Lemma 5 for e=@2B,)", Y=1,
X = X,. We will show that P is firmly associated with {Y) }.
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16. First we prove that the mapping T, of PP(£; 0Q) to HP(W; 0W) is injective.
Let u,, u, be any functions in PP(Q; 0$2). We remark that u,;, u, are harmonic on
W. Then u,, u, satisfy u; < B,u;(z,), u, < B,u,(z,) on d.X,. Therefore by Lemma
5 we have u, < uy(29)/2, U, < U,(24)/2 on UPY, so that u;, u, are bounded on
AW = 3Q U (UdY,). Assume Tpu; = Tpu,. Since uy — u, = HY_, on W, u; — u,
is bounded on W and hence on Q. Further u; — u, vanishes on 0. Then we have
u, —uy,=0.

17. Next we prove that Tp is surjective. We set

[o0] o0
F,=Udx,, TI,=Uoy,.
1 1

Consider a bounded operator K, of C(F,) to C(I'y) defined by
Kpp(z) =P} (z) (¢€C(Fy),z€dY,;n=1,2,...).
Also consider a bounded operator L, of CB(I'y) to CB(Fy) defined by
Lpy(z) =HM(z) (¥ € CB(Ty),z € Fy),

where we set ¢ = 0 on 0. Let v be any function in HP(W;dW). Then we can
construct a function # in PP(R;9R) with Tru = v by using the bounded operator
M, = L, K, of a subspace of C(Fy) to CB(Fy). Since v is dominated by the
constant B,v(z,) on 0X,, we have K;'v < v(zy)/2 on I'y by Lemma 5. Then a
harmonic function Mpv is dominated by v(z,)/2™ (m = 1,2,...). Therefore there
exists a nonnegative function

6, = 2 Mgv
m=0

on F, with (I — M,)¢, = v, where [ is the identity operator of C( Fy). Observe that
K p9, is a solution of (1) on U X, and v + Mp¢, is a solution of (1) on W with the
same values as that of K¢, on (W N (UPX,)) = Fy U I'y. Then we can define the
function

Kpu(2) ( c Gxn),
1

v(z) + Mpo,(2) (z€ W)

u(z) =

in PP(K2; 9Q2) which satisfies
Tou=u—HY =v+ My, — Lp(K,9,) =0

on W.

18. In the preceding subsections we have shown that P is canonically associated
with {,}. We turn to the proof that P is firmly associated with {Y,}. Take any
density Q on @ with suppQ c UY, and P < Q. Consider densities P,,Q, (n =
1,2,...) on Q defined by

P(z) (zeX,), 0(z) (z€X,),
z€Q zeQ

0| 0.(2) = "5,

Fle) = { “X.). 0o
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Then suppP, C Y,, suppQ,C Y, and P, < Q,. Similar to the density P,, the
density Q, satisfies Lemma 5 for ¢ = 28,)}, X=X,, Y =Y, since (Q,){ <
(P,){". Then Q is canonically associated with { Y, } and hence P is firmly associated
with {Y,}. O

3. The proof of the main theorem.
19. Let {S,}%, (S, J}i=12:n>1 b€ @sequences given in subsection 6. We can take
firmly associated densities P, and Q on @ with {S, } and {S,;}, respectively. We set
P =P + Q. Then suppP C (US,) U (UP(S,, U S,,) =UPS,, and P, < P.

Therefore P is also canonically associated with {S_‘,, }. Thus we deduce
dimQ = dim{§,;} =2, dimP =dim{§,} =1,
although Q < P. O
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